Formant bandwidth estimation is often observed to be more challenging than the estimation of formant center frequencies due to the presence of multiple glottal pulses within a period and short closed-phase durations. This study explores inherently different statistical properties between linear prediction (LP)-based estimates of formant frequencies and their corresponding bandwidths that may be explained in part by the statistical bounds on the variances of estimated LP coefficients. A theoretical analysis of the Cram er-Rao bounds on LP estimator variance indicates that the accuracy of bandwidth estimation is approximately twice as low as that of center frequency estimation. Monte Carlo simulations of all-pole vowels with stochastic and mixed-source excitation demonstrate that the distributions of estimated LP coefficients exhibit expectedly different variances for each coefficient. Transforming the LP coefficients to formant parameters results in variances of bandwidth estimates being typically larger than the variances of respective center frequency estimates, depending on vowel type and fundamental frequency. These results provide additional evidence underlying the challenge of formant bandwidth estimation due to inherent statistical properties of LP-based speech analysis.
I. INTRODUCTION
Formant bandwidth estimation is generally considered to be challenging due to several factors related to speech production and voice production characteristics. For example, formant bandwidth estimation has been reported to be particularly sensitive to multiple pulses within one glottal cycle and short closed-phase durations of sustained vowels (Hanson and Chuang, 1999) . In addition, bandwidth estimation difficulties have also been ascribed to "irregularities in the glottal source spectrum" that may interact with vocal tract acoustics (Klatt, 1980) . In continuous speech waveforms, formant tracking is particularly challenging due to the time-varying nature of the glottal source and vocal tract resonators, and algorithms often do not take into account closedglottis versus open-glottis conditions (Sj€ olander and Beskow, 2005; Boersma and Weenink, 2009) .
Accurate estimation of formant characteristics necessitates the use of external source excitation, such as a neckmounted vibration source with known sinusoidal inputs swept across a range of fundamental frequencies (Fant, 1962; Fujimura and Lindqvist, 1971) . In the more natural and unconstrained speech setting, two approaches are commonly used to estimate formant parameters from the radiated acoustic signal. The first popular approach involves the application of parametric models, such as linear prediction (LP) analysis, to derive speech parameters that compactly describe the resonance properties of a series of acoustic tubes (Atal and Hanauer, 1971 ). Alternatively, model-free estimation of formant parameters can be performed directly on the timedomain waveform (House and Stevens, 1958) or speech spectrum (Bogert, 1953; Dunn, 1961) . Bandwidth estimation has proven difficult using these approaches, and thus investigators have resorted to applying empirically derived relationships between formant frequency and bandwidth (Fant, 1972; Hawks and Miller, 1995; Tappert et al., 1963) or to simply fixing the formant bandwidths to standard values (Olive, 1971; Iseli et al., 2007; Deng et al., 2006) .
In the LP-based characterization of an all-pole system, formant candidates are computed by solving the YuleÀWalker set of equations to derive weights on past samples to predict a future sample (Atal and Hanauer, 1971) . Roots of the resulting prediction polynomial yield complex-conjugate pole pairs whose locations dictate the center frequency and bandwidth of corresponding digital resonators. Statistical analysis of the YuleÀWalker equations yields confidence intervals for each weighting coefficient (Jirak, 2012) . In fact, the lower bound on variances-the Cram er-Rao bound (CRB)-of the LP coefficient estimates are known to differ depending on the coefficient index in the asymptotic case (Friedlander, 1984) and in short-duration sequences that are more applicable to speech analysis with high fundamental frequencies and short glottal closed phases (Friedlander and Porat, 1989) .
Real speech signals are often produced with both voiced and unvoiced characteristics that introduce added complexities, such as the determination of the closed phase of quasi-periodic source excitation (Alku et al., 2009) and the presence of both poles and zeros in the filter transfer function. Such challenges are well known for the various methods of LP analysis, especially for speakers with high fundamental frequencies and/or who are affected by voice disorders (Alku, 2011) . Previous theoretical work confirmed the significant increase in the Cram er-Rao lower bound of source parameters when harmonics approach formant frequencies (Mehta et al., 2011) . The Monte Carlo approach lends itself to the analysis of vowels synthesized with mixed-source (stochastic plus deterministic) excitation signals to gain additional insight into the inherent properties of LP algorithms that are hypothesized to generalize to multiple types of all-pole signals.
The purpose of the current study is to highlight and understand differences between the accuracies of estimating formant frequencies versus formant bandwidths by exploring the statistical properties inherent in the transformation of LP coefficients to formant parameters using both theoretical and empirical treatments. The theoretical approach derives formant frequencies and bandwidths from multiple sets of LP coefficients that are randomly generated by perturbing baseline sets with additive noise with a covariance structure equal to the Cram er-Rao lower bound. In the empirical approach, formant parameters are estimated from Monte Carlo simulations of synthesized all-pole waveforms using the autocovariance method of LP and LP polynomial factorization. Figure 1 outlines the two approaches taken in this study. The main difference between the two methodological approaches is that the theoretical treatment sets the variances on the LP coefficient distributions a i a priori instead of empirically deriving this variance of LP coefficients from synthesized waveforms. Both theoretical and empirical treatments seek to reveal any systematic differences between the estimation of formant frequencies f k and their associated bandwidths b k when the LP coefficient histograms are propagated through the nonlinear algorithms of root finding and pole assignment.
II. METHODS
A. Theoretical lower bounds of frequency and bandwidth estimators Figure 1 (A) illustrates the theoretical approach that investigated the effects of the nonlinear transformation from LP coefficients to formant parameters. Vowel-like parameters were generated by setting f k according to average formant frequencies obtained from adult male speakers producing the following 10 vowels: /i/, /ı/, /E/, /ae/, /A/, /O/, /f/, /u/, /ˆ/, and /˘T/ (Peterson and Barney, 1952) . Formant bandwidths followed the relation b k ¼ 80 þ 120f k /5000 (Mannell, 1998) . In contrast to the empirical treatment in Sec. II B, here the statistical properties of formant frequency and bandwidth estimators were determined without the need for waveform generation.
Baseline LP coefficients a i were generated given a set of formant center frequencies f k and associated two-sided, 3-dB bandwidths b k for k ʦ {1, 2, 3}. We parameterized the kth digital resonator to form the following complex-conjugate pole pair (Gold and Rabiner, 1968) :
( 1) where f s ¼ 10 kHz is the sampling rate, and all parameters are in units of hertz.
Using the speech production model of Schafer and Rabiner (1970) , a cascade of K second-order digital resonators modeled the all-pole transfer function T(z):
which can be written in terms of the LP coefficients a i ,
where the p coefficients in the denominator can be derived by matching each a i of the prediction polynomial to the coefficients of the multiplied-out polynomial in the denominator of Eq. (2). Thus the baseline f k and b k values were transformed to a baseline set of LP coefficients a i for each vowel type by applying Eqs.
(1)À(3) in succession. The baseline set a i was perturbed with additive noise to yield multiple instantiationsã i of the LP coefficients using the following equation:
where w i is a multivariate Gaussian distribution with covariance structure given by the CRB, a lower bound on the mean-square error of unbiased estimators and thus a lower bound on the variance of the unbiased LP coefficient estimators. The CRB is known to be different for each LP coefficient estimator (Friedlander, 1984; Friedlander and Porat, 1989) , and these differences are potentially further amplified by the nonlinear transformation between LP coefficients and formant frequency and bandwidth parameters. The effects of the transformation in this best-case estimation scenario are investigated in the current theoretical treatment.
The CRB is the inverse of the Fisher information matrix J 1 consisting of the stochastic excitation power r 2 and the p LP coefficients. In the asymptotic condition when sample size M is large, an approximation of J 1 is known to be (Friedlander and Porat, 1989 )
where R p is the p-by-p covariance matrix derived from the LP coefficients as
where the elements of the p-by-p Toeplitz matrices A 1 and A 2 are specified by the following formulas:
For the short durations (M < 100) of windows typically encountered in speech analysis, the asymptotic Fisher information J 1 must be modified to yield accurate CRB values for LP coefficients. Exact computations of the CRB can be derived from the exact Fisher information matrix J M according to the following equation (Friedlander and Porat, 1989) :
where the elements of the (p þ 1)-by-(p þ 1) matrix J are given by
where 1 {i, j} p and tr{Á} denotes the trace operator. A Monte Carlo analysis was performed for each vowel type by generating 10 000 sets of the perturbed LP coefficients using Eq. (4), where the covariance structure of w i was given by J M À1 after removing the first row and column associated with the CRB of r 2 in Eq. (5). Each set ofã i 's was propagated through the processes of LP polynomial factorization [parameters in Eq. (2) derived from Eq. (3)] and the following pole-to-formant parameter relations to obtain estimates off k andb k (Gold and Rabiner, 1968) :
where k ʦ {1, 2, 3} and each ðf k ;b k Þ pair was ordered such thatf k <f kþ1 . Figure 1 (A) schematizes distributions (solid lines) that will be parameterized in terms of bias and variance in this theoretical treatment. B. Empirical estimation of LP coefficients Figure 1(B) illustrates the generation of an autoregressive (AR) process that is synthesized given a set of formant center frequencies f k and associated two-sided, 3-dB bandwidths b k . As in the theoretical approach of Sec. II A, we set baseline center frequencies f k to values obtained by Peterson and Barney (1952) for the 10 vowels /i/, /I/, /E/, /ae/, /A/, /O/, /f/, /u/, /ˆ/, and /˘T/. Baseline synthesized bandwidths followed the same relation b k ¼ 80 þ 120f k /5000 (Mannell, 1998) . In contrast to the theoretical treatment, here the statistical properties of formant frequency and bandwidth estimators were determined by analyzing a waveform synthesized using both stochastic-only and mixed-excitation sources at multiple fundamental frequencies.
The baseline f k and b k values were transformed to a baseline set of LP coefficients a i for each vowel type by applying Eqs. (1)À(3) in succession. The resulting LP coefficients were then used to generate the discrete-time stochastic
where m is the sample index, and u[m] was white Gaussian noise with variance r 2 in the stochastic-only case. In the mixed-excitation cases, u[m] was a periodic source signalderivative of the Rosenberg type B pulse (Rosenberg, 1971 )-with additive white Gaussian noise at a signal-to-noise ratio of 20 dB.
A Monte Carlo analysis of 10 000 instantiations of the AR(6) time series u[m] was performed to explore the statistical properties of LP-based estimates of resonator frequency and bandwidth. The waveform sampling rate was set to f s ¼ 10 kHz, and waveforms of sample length M ¼ 100 (10 ms) were generated with r 2 ¼ 1 (results are independent of r 2 ). LP analysis of the mixed-excitation source was performed with a priori knowledge of the closed phase from the known periodic source signal.
The covariance method of LP (Matlab's arcov function) with order p ¼ 6 yielded LP coefficient estimatesâ i that were transformed to associated center frequency and bandwidth estimates ðf k ;b k Þ for k ʦ {1, 2, 3} using two steps. First, polynomial factorization of the prediction polynomial in the denominator of Eq. (3) obtained estimates ðâ k ;â Ã k Þ of the complex-conjugate pole pairs in Eq. (2). Second, the pole pairs yieldedf k andb k using the pole-to-formant parameter transformation in Eq. (10).
C. Statistical evaluation of Monte Carlo simulations
Both theoretical and empirical methods described in Secs. II A and II B, respectively, yielded distributions forf k andb k (1 k p/2) over the 10 000 simulations for each vowel type. In addition, the empirical approach yields distributions of the estimated LP coefficientsâ i (1 i p). The resulting distributions are each parameterized by bias and standard deviation values with respect to the known synthesis parameters f k , b k , and a i , respectively. Of particular interest are any systematic disparities between formant frequency and bandwidth estimates among the different vowel types and fundamental frequencies. For example, finding a larger standard deviation for a given parameter's distribution would indicate greater uncertainty (lower accuracy) in the estimation of that parameter. might play a role in influencing the accuracy of formant frequency and bandwidth estimators. Although CRB analysis assumed unbiased estimators, the bias observed for the LP coefficients was approximately half the value of the standard deviation (SD). Table I reports the SD of histograms for each formant parameter within each of the 10 vowel configurations. Similar to the results observed in Fig. 2 , the standard deviation of the center frequency distributions were almost twice that of the bandwidth estimates in all cases. These results indicate that, even in the best-case scenario where LP coefficient estimators exhibit their smallest variances (the CRB), the LP-based computation of formant bandwidths is less accurate than the computation of their respective center frequencies. According to Bartlett's test, the distributions of LP coefficient estimates did not exhibit the same variance within each vowel type.
III. RESULTS

A. Theoretical variance of center frequency and bandwidth estimators
B. Empirical dispersion of center frequency and bandwidth estimates
Figure 3 displays illustrative distributions of the derived f k andb k parameters for each perturbed set of LP coefficients for the adult male vowel /A/. Recall that the formant center frequencies and bandwidths were estimated from each of 10 000 randomly generated sets of LP coefficients using the covariance method of LP, prediction polynomial factorization, and Eq. (10). The differences between the SD of the center frequency estimators and the SD of the bandwidth estimators are greater than a factor of 2. The discrepancies of the estimator biases demonstrate that the accuracy of estimating the center frequency parameter is higher than that of estimating the bandwidth parameter. In addition, the distributions of the bandwidth estimators skewed to the left and did not follow a Gaussian shape. Table II reports dispersion in terms of SD associated with the distributions of formant frequency and bandwidth estimates for the 10 vowel configurations with stochasticonly excitation. The SD of bandwidth estimates were significantly different from the SD of the associated center frequency estimates across all vowels via a two-sample F-test for equal variances. The average ratio of the SD of bandwidth estimates to the SD of center frequency estimates over all vowels and formant numbers was 2.3, providing empirical evidence that the relatively higher variance of bandwidth estimators potentially contribute to difficulties in computing these values, even in the synthesized settings. In addition, a significant discrepancy was observed between the average absolute bias of the bandwidth distribution (31.4 Hz) and the average absolute bias of the center frequency distribution (0.4 Hz). Figure 4 shows the SD of the formant frequency and bandwidth estimates from the Monte Carlo analysis of synthesized vowels with mixed-source excitation at fundamental frequencies of 110, 220, and 330 Hz. As in the stochasticonly synthesis, the standard deviation of the formant bandwidth estimates was typically over two times as high as the standard deviation of the formant frequency estimates on average, with this uncertainty becoming more apparent at higher formants and fundamental frequencies. Of note, the estimation of both frequency and bandwidth was accurate to within 6 Hz for the first formant and 13 Hz for the second formant across all vowels, except for signals at the highest fundamental frequency. Bandwidth estimates became TABLE I. Standard deviations (in Hz) of formant frequency and bandwidth estimates obtained in the CRB analysis for 10 vowel configurations (Peterson and Barney, 1952 significantly more challenging when estimating parameters of the third formant, and estimation of both center frequency and bandwidth suffered at f0 of 330 Hz.
IV. DISCUSSION
This study focused on the statistical assumptions underlying LP analysis, informing the measurement and analysis of real speech waveforms where the estimation of formant bandwidths has proven challenging for decades. As with any analysis technique, speech scientists must temper their desire for perfect accuracy by recognizing resolution tradeoffs and absolute bounds inherent in certain estimation algorithms. Alternative domains for estimating formant bandwidths may prove to increase accuracy, such as the real cepstrum or regularized LP cepstrum (Deng et al., 2007; Mehta et al., 2012) . Large-scale error analysis of vocal tract formants and bandwidths would benefit from the availability of reference databases such as the vocal tract resonance (VTR) database of Deng et al. (2006) . Whereas the VTR database contains formant frequency trajectories corrected for plausibility, the bandwidth information is untouched after an automated pass and thus requires validation prior to being useful as an acoustically relevant ground truth (Deng et al., 2006) .
The statistical properties of LP coefficient estimators given here assumed unbiased distributions. Nonzero biases in the empirical analysis of Fig. 2 indicate that biases are evident in these estimators that serve to increase the total variance of each estimate. Thus the CRB equations could be further refined in the instance of biased estimators, such as through the derivations in Eldar (2004) .
The empirical analysis of mixed-excitation waveforms that include a periodic source and white Gaussian noise input yielded better resolution at a low fundamental frequency for first-formant parameters than that in the stochastic-only case. The second and third formants proved more challenging to estimate with the presence of harmonic components. When dealing with higher fundamental frequencies, even some center frequency variances were observed to surpass corresponding bandwidth variances; in particular, see the standard deviation of center frequencies versus bandwidths for vowel /O/ in Fig. 4 (B) and 4(C).
Reasons for the higher uncertainty include the limited number of samples (shorter closed phase) from which to estimate frequency parameters and the sparser harmonic sampling of the underlying formant envelope in the frequency spectrum. The theoretical CRB results of this study suggest an additional limitation on the resolution of formant parameter estimation due to the underlying statistical properties of LP analysis. Future work warrants the investigation of vowel dependence on the statistical properties of LP coefficients and sourceÀfilter interactions between harmonic and resonance components. 
V. CONCLUSION
This study addressed the difficulty of estimating formant bandwidths relative to their associated center frequencies. Monte Carlo simulations of all-pole vowels demonstrated that the distributions of estimated LP coefficients yield inherent statistical differences between LP-based estimates of formant frequency and bandwidth. The variances of bandwidth estimates are typically larger than the variances of their respective center frequency estimates. A theoretical analysis of the CRBs of LP estimator variance also indicated that the accuracy of bandwidth estimates is also lower (approximately twice as low) as that of center frequency estimates.
